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Abstract: In this talk I review both accomplished results and work in progress on the use of solvable 
. Lie algebras as an intrinsic algebraic characterization of the scalar field sector of M-theory low energy 

■^j- ' effective lagrangians. In particular I review the application of these techniques in obtaining the most 

■ general form of BPS black hole solutions. 
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1 Introduction 



In this talk I review a line of research |ij . ||] , || I have recently pursued in collaboration with Riccardo 
D'Auria, Sergio Ferrara and our Ph.D students Laura Andrianopoli and Mario Trigiante, whose contri- 
bution to the development of the entire project has been essential. 

The main idea underlying this investigation originates from some results I had previously obtained 
in collaboration with Luciano Girardello, Igor Pesando and Mario Trigiante. In [Q, extending work of 
Girardello, Ferrara and Porrati, we discovered that N — 2 supersymmetry can be spontaneously broken 



X 



$H ' to N — 1 when the following conditions are met: 

a ; 

• The scalar manifold of supergravity, which is generically given by the direct product SIC ® QIC of 
a special Kahler manifold with a quaternionic one, is a homogeneous non-compact coset manifold 

g/n 

• Some translational abelian symmetries of Q /TL are gauged. 

The basic ingredient in deriving the above result is the Alekseevskian description Q of the scalar manifold 
SIC ® QIC in terms of solvable Lie algebras, a Kahler algebra K, for the vector multiplet sector SIC and a 
quaternionic algebra Q for the hypermultiplet sector QIC. By means of this description the homogeneous 
non compact coset manifold Q /TL is identified with the solvable group manifold exp[Solv] where 

Solv = K © Q (1) 

and the translational symmetries responsible for the supersymmetry breaking are identified with suitable 
abelian subalgebras 

T C Solv (2) 

An obvious observation that easily occurs once such a perspective is adopted is the following one: for all 
extended supergravities with N > 3 the scalar manifold is a homogeneous non-compact coset manifold 
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Q /TL. Hence it is very tempting to extend the solvable Lie algebra approach to such supergravity theories, 
in particular to the maximal extended ones in all dimensions 4 < D < 10. This is what was done in the 
series of three papers || . 



2 R-R and NS-NS scalars 

Relying on a well established mathematical theory which is available in standard textbooks (for instance 
Q), every non compact homogeneous space G /TL is indeed a solvable group manifold and its generating 
solvable Lie algebra Solv (G/TL) can be constructed utilizing roots and Dynkin diagram techniques. This 
fact offers the so far underestimated possibility of introducing an intrinsic algebraic characterization 
of the supergravity scalars. In relation with string theory this yields a group-theoretical definition of 
Ramond and Neveu-Schwarz scalars. It goes as follows. The same supergravity lagrangian admits 
different interpretations as low energy theory of different superstrings related by duality transformations 
or of M-theory. The identification of the Ramond and Neveu Schwarz sectors is different in the different 
interpretations. Algebraically this corresponds to inequivalent decompositions of the solvable Lie algebra 
Solv (G/Ti.) with respect to different subalgebras. Each string theory admits a T-duality and an 5-duality 
group whose product S (£>T constitutes a subgroup of the [/-duality group, namely of the isometry group 
U = Q of the homogenoeus scalar manifold G/TL. Physically S is a non perturbative symmetry acting 
on the dilaton while T is a perturbative symmetry acting on the " radii 1 of the compactification. There 
exist also two compact subgroups TLs C S and TLt C T whose product TLs ® TLt C H is contained in 
the maximal compact subgroup TL <ZU such that we can write: 

Solv (LI IU) = Solv {S/Hs) © Solv (T/H T ) © W (3) 

the three addends being all subalgebras of Solv (Li /TL). The first two addends constitute the Neveu 
Schwarz sector while the last subalgebra W which is not only solvable but also nilpotent constitutes the 
Ramond sector relative to the chosen superstring interpretation. 

An example of this way of reasoning is provided by maximal supergravities in D = 10 — r dimensions. 
For such lagrangians the scalar sector is given by A4 S caiar — E r+1 ^ r+1 ^/TL r +i where the group £ , r+1 ( r+1 ) 
is obtained exponentiating the maximally non compact real form of the exceptional rank r + 1 Lie algebra 
E r+ \ and TL r +\ is the corresponding maximal compact subgroup. If we interpret supergravity as the low 
energy theory of Type II A superstring compactified on a torus T r , then the appropriate 5-duality group is 
0(1, 1) and the appropriate T-duality group is SO(r, r). Correspondingly we obtain the decomposition: 

Solv (E r+1[r+1) /H r+ i) = 0(1, 1) © Solv ( so( ^ r 'go (r) ) © Wr+i (4) 

where the Ramond subalgebra W r +i = spin[r,r] is nothing else but the chiral spinor representation of 
SO(r, r). In the four dimensional case r — 6 equation (Q) takes the exceptional form: 

Solv (E 7(r) /SU(8)) = Solv (SL(2, R)/0(2)) © Solv ( -^^L— ^j © W 7 (5) 

The 38 Neveu Schwarz scalars are given by the first two addends in (||), while the 32 Ramond scalars in 
the algebra WV transform in the spinor representation of 5*0(6, 6) as in all the other cases. 

Alternatively we can interpret maximal supergravity in D = 10 — r as the compactification on a torus 
T r of Type IIB superstring. In this case the ST-duality group is different. We just have: 

S © T = 0(1,1) © GL(r) (6) 

Correspondingly we write the solvable Lie algebra decomposition: 

Solv (E r+1{r+1) /TL r+ i) = 0(1, 1) © Solv (jjfifi) © W r+1 (7) 
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where W, +i is the new algebra of Ramond scalars with respect to the Type IIB interpretation. Actually, 
as it is well known, Type IIB theory already admits an SL(2, R) U-duality symmetry in ten dimensions 
that mixes Ramond and Neveu Schwarz states. The proper S-duality group 0(1, 1) is just a maximal 
subgroup of such SL(2, R). Correspondingly eq. (0) can be restated as: 

Solv r+1 ee Solv (E r+1{r+1) /n r+ i) = Solv {SL(2,R)/0(2)) © Solv (jjfiS) © W r+1 (8) 

Finally a third decomposition of the same solvable Lie algebra can be written if the same supergravity 
lagrangian is intepreted as compactification on a torus T 7 of M theory. For the details on this and other 
decompositions of the scalar sector that keep track of the sequential compactifications on multiple torii 
we refer the reader to the original papers jl], ^ . 



3 BPS black holes 

Another interesting application of the solvable Lie algebra parametrization of the scalar sector is provided 
by the systematic construction of completely general BPS black hole or BPS black brane solutions. In 
this problem a fundamental role is played by the scalar evolution from arbitrary values at infinity to 
fixed values at the horizon. Such an evolution is best understood and dealt with when the scalars are 
algebraically characterized as generators of a solvable algebra. In ref.[|) we considered the N = 8,D = 4 
case and we solved the problem of writing the most general BPS black hole solution that preserves 1/8 
of the original supersymmetries. We are presently pursuing the solution of the same problem in the case 
where the preserved supersymmetries are either 1/2 or 1/4 [Q. Let us briefly illustrate these three cases 
from our viewpoint. 

The D — 4 supersymmetry algebra with N — 8 supersymmetry charges can be written in the following 
form: 

{Oo/|a> QbJ\0j = i(C7 M ) a /3 PpSabSlJ ~ C a0 € ab X Z/j 

(o,6=l,2 ; 7,J=1,...,4) (9) 

where the SUSY charges Q aI = Q^jjo = Qai C are Majorana spinors, C is the charge conjugation matrix, 
is the 4-momentum operator, e a b is the two-dimensional Levi Civita symbol and the symmetric 

tensor Z/j = Z,// is the central charge operator. It can always be diagonalized Z/j = Su Zj and its 4 

eigenvalues Zj are the central charges. 
Consider the reduced supercharges: 

S tl\a = j {QallQ ± ie afcQfc/) Q (10) 

They can be regarded as the result of applying a projection operator to the supersymmetry charges: 
£>ai = Qbi^tai wri ere = | (1<^> ±ie;, Q 7o). In the rest frame where the four momentum is 
={M, 0,0,0), we obtain the algebra: , sfjj = ±e ac CP% (M =p Z{) Su and the BPS states that 

saturate the bounds (M ± Z{) |BPS state,*) = are those which are annihilated by the corresponding 
reduced supercharges: 

S% |BPS stated) = (11) 

Eq.(|ll]) defines short multiplet representations of the original algebra (||) in the following sense: one 
constructs a linear representation of (^) where all states are identically annihilated by the operators 

S aI for / = 1, . . . ,n ma x- H n ma x = 1 we have the minimum shortening, if n max = 4 we have the 
maximum shortening. On the other hand eq.([ll|) can be translated into first order differential equations 
on the bosonic fields of supergravity whose common solutions with the ordinary field equations are the 
BPS saturated black hole configurations. In the case of maximum shortening n max — 4 the black hole 
preserves 1/2 supersymmetry, in the case of intermediate shortening n max — 2 it preserves 1/4, while in 
the case of minimum shortening it preserves 1/8. 
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3.1 The Killing spinor equation and its covariance group 

In order to translate eq.(fil|) into first order differential equations on the bosonic fields of supergravity 
we consider a configuration where all the fermionic fields are zero and we set to zero the fermionic SUSY 
rules appropriate to such a background 

= <5fermions = SUSY rule (bosons, CAi) (12) 

and to a SUSY parameter that satisfies the following conditions: 

£^ T/i £al — i^afr ^ j ^ — 1; ■ ■ ■ i T^max (13) 
^al , i ^> Ti max 

Here £ M is a time-like Killing vector for the space-time metric and e a j, e aI denote the two chiral projections 
of a single Majorana spinor: 75 e a i — e a i , 75 e aI — —e aI We name eq.(|i~2|) the Killing spinor equation 
and the investigation of its group-theoretical structure was our main goal in ref H . There we restricted 
our attention to the case n max = 1: we are presently considering the other two possibilities Rj. In all 
three cases eq.(|l2"|) has two features which we want to stress as main motivations for the developments 
we have pursued: 

1. It requires an efficient parametrization of the scalar field sector 

2. It breaks the original SU(8) automorphism group of the supersymmetry algebra to the subgroup 
Usp(2 n max ) x SU(8 - 2 n max ) x U(l) 

The first feature is the reason why the use of the rank 7 solvable Lie algebra Solvr associated with 
^7(7) /SU(8) is of great help in this problem. The second feature is the reason why the solvable Lie 
algebra Solvr has to be decomposed in a way appropriate to the decomposition of the isotropy group 
SU(8) with respect to the subgroup Usp{2n max ) x SU(8 — 2n max ) X U(l). 

This decomposition of the solvable Lie algebra is a close relative of the decomposition of N = 8 
supergravity into multiplets of the lower supersymmetry N' = 2 n rnax . This is easily understood by 
recalling that close to the horizon of the black hole one doubles the supersymmetries holding in the bulk 
of the solution. Hence the near horizon supersymmetry is precisely N' — 2 n max and the black solution 
can be interpreted as a soliton that interpolates between ungauged N — 8 supergravity at infinity and 
some form of gauged N' supergravity at the horizon. The reason why we stress that the horizon theory 
is gauged is that its geometry is an anti de Sitter geometry. 

Let us now study the explicit structure of the three cases at hand. 



3.1.1 The 1/2 SUSY case 

Here we have n max = 4 and correspondingly the covariance subgroup of the Killing spinor equation is 
Usp(8) C SU(8). Indeed condition (jlf) can be rewritten as follows: 

ej»e A = iC AB e B ; A, B = 1, . . . , 8 (14) 

where Cab = —Cba denotes an 8 x 8 antisymmetric matrix satisfying C 2 = —1. The group Usp(8) is 
the subgroup of unimodular, unitary 8x8 matrices that are also symplectic, namely that preserve the 
matrix C. 

We are accordingly lead to decompose the solvable Lie algebra as written below: 

Solv 7 = Solve © 0(1,1) (15) 
70 = 42 + 1 + 27 (16) 
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where, following the notation established in (g): 

SoIvy = Solv 



( E 7{ 7) \ 

\SU(8)J 



Solv& 55 Solv {w^$)) 

dim Solvj = 70 ; rank S0IV7 = 7 
dim Solve = 42 ; rank Solve = 6 

(17) 



In eq.(15) Solve is the solvable Lie algebra that describes the scalar sector of D = 5, N — 8 supergravity, 



while the 27-dimensional abelian ideal ©6 corresponds to those D = 4 scalars that originate from the 
27-vectors of supergravity one-dimension above |^]. Eq.([l6|) corresponds also to the decomposition of 
the 70 irreducible representation of SU(8) into irreducible representations of Usp(8). Indeed we have: 

70 U fE^ ) 42 © 1 © 27 (18) 

In order to single out the content of the first order Killing spinor equations we need to decompose them 
into irreducible Usp(8) representations. This is easily done. The gravitino equation is an 8 of SU(8) that 
remains irreducible under Usp(8) reduction. On the other hand the dilatino equation is a 56 of SU(8) 
that reduces as follows: 

56 48 © 8 (19) 

Hence altogether we have the following three constraints 8, 8' , 48 on the three subalgebras of scalar 
fields 42, 1 and 27. Working out the consequences of these constraints and deciding which scalars are 
set to constants and which are insteading evolving is work in progress . 

3.1.2 The 1/4 SUSY case 

Here we have n max = 2 and correspondingly the covariance subgroup of the Killing spinor equation is 
Usp(4) x £[7(4) x U(l) C SU(8). Indeed condition (pi) can be rewritten as follows: 



Cl^e a = iC ab e b ; a, 6=1,..., 4 
e x = 0; X = 5,...,8 

(20) 

where C a b = —Cba denotes a 4 x 4 antisymmetric matrix satisfying C 2 — —1. The group Usp(4) is the 
subgroup of unimodular, unitary 4x4 matrices that are also symplectic, namely that preserve the matrix 
C. 

We are accordingly lead to decompose the solvable Lie algebra as follows. Naming: 



Solvs — 



SoIvt — Solv 



Solv {-uiir) 

50(6,6) 



,50(6) x 5-0(6) 
dim Solvs = 2 ; rank Solvs = 1 
dim SoIvt = 36 ; rank SoIvt = 6 



(21) 



we can write: 



Solv 7 = Solvs © Solv T © W 7 (22) 
70 = 2 + 36 + 32 (23) 
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which is nothing else but (|5|). Indeed the solvable Lie algebras Solvs and SoIvt describe the dilaton- 
axion sector and the six torus moduli, respectively, in the interpretation of N = 8 supergravity as the 
compactification of Type IIA theory on a six-torus T 6 || . The rank zero abelian subalgebra WV is instead 
composed by the Ramond-Ramond scalars as we have already explained. 

Introducing the decomposition (p2|), ( p3| ) we have succeeded in singling out a holonomy subgroup 
5*7(4) x 5*7(4) x £7(1) C 5£7(8). Indeed we have 50(6) ee 5£7(4). This is a step forward but it 
is not yet the end of the story since we actually need a subgroup £7sp(4) x 5£7(4). This means that 
we must further decompose the solvable Lie algebra SoIvt- This latter is the manifold of the scalar 
fields associated with vector multiplets in an N = 4 decomposition of the N — 8 theory. Indeed the 
decomposition (p2|) with respect to the S-T-duality subalgebra is the appropriate decomposition of the 
scalar sector according to N = 4 multiplets. The further decomposition we need is the following: 

SoIvt = SoIvt5 © SoIvti 
SoIvt5 = Sol 



SoIvti = Solv 



( 5*0(5,6) \ 
V \SO{5) x 50(6) ) 
50(1, f 



50(6) 



(24) 

where we rely on the isomorphism £7sp(4) = 50(5). Hence, altogether we can write: 

S0IV7 = Solvs © SoIvts © SoIvti © W32 

70 = 2 + 30 + 6 + 32 (25) 

which exactly corresponds to the decomposition of the 70 irreducible representation of SU(8) into irre- 
ducible representations of U sp(4) x SU(4) x £7(1). 

70 ^)x^)x^) (1 + 1,1,1) e (1,5,6) © (1,1,6) (26) 

Just as in the previous case we should now single out the content of the first order Killing spinor equations 
by decomposing them into irreducible Usp(A) x SU(4) x U(l) representations. This is also work in 
progress M. 



3.1.3 The 1/8 SUSY case 

Here we have n max = 1 and S0IV7 must be decomposed according to the decomposition of the isotropy 
subgroup: SU(8) — ► SU(2) x £7(6). We showed in || that the corresponding decomposition of the 
solvable Lie algebra is the following one: 

Solvr = S0IV3 © S0IV4 (27) 

Solv 3 = Solv(SO*(12)/U(6)) SoIva = Solv (E m / SU (2) x SU{6)) 

rank Solv^ = 3 rank Solv^ — 4 (28) 

dim S0IV3 = 30 dim Solv^ — 40 

The rank three Lie algebra Solv^ defined above describes the thirty dimensional scalar sector of N = 6 
supergravity, while the rank four solvable Lie algebra Solv^ contains the remaining forty scalars belonging 
to N — 6 spin 3/2 multiplets. It should be noted that, individually, both manifolds exp [S0IV3} and 
exp [S0IV4] have also an TV = 2 interpretation since we have: 

exp [S0IV3} = homogeneous special Kahler 

exp [S0IV4] = homogeneous quaternionic (29) 
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so that the first manifold can describe the interaction of 15 vector multiplets, while the second can 
describe the interaction of 10 hypermultiplets. Indeed if we decompose the N = 8 graviton multiplet in 
N = 2 representations we find: 



N— 2 

N=8spin 2 ► spin 2 + 6 x spin 3/2 + 15 x vect. mult. + 10 x hypermult. 



(30) 



Introducing the decomposition ( J27| ) we found in |3J that the 40 scalars belonging to Solv^ are constants 
independent of the radial variable r. Only the 30 scalars in the Kahler algebra Solv^ can be radial 
dependent. Infact their radial dependence is governed by a first order differential equation that can 
be extracted from a suitable component of the Killing spinor equation. More precisely we obtained the 
following result. Up to U-duality transformations the most general N — 8 black-hole is actually an N = 2 
black-hole corresponding to a very specific choice of the special Kahler manifold, namely explSolv^] as 
in eq . (|29|) , (p8|) . Furthermore up to the duality rotations of SO* (12) this general solution is actually 
determined by the so called STU model studied in [|| and based on the solvable subalgebra: 

Solv ( SL }^ )3 ) C Solv 3 (31) 



U(lf 

In other words the only truely indipendent degrees of freedom of the black hole solution are given by 
three complex scalar fields, S, T, U. The real parts of these scalar fields correspond to the three Cartan 
generators of Solv% and have the physical interpretation of radii of the torus compactification from D = 10 
to D = 4. The imaginary parts of these complex fields are generalised theta angles. 

4 Uniqueness of the N=8 abelian gauging 

Going back to the original motivations explained in the introduction, in Q we have studied the possible 
abelian gaugings of TV = 8 supergravity. Using the solvable Lie algebra approach we have shown that 
there exists a unique abelian subalgebra A C SL(8, R) C £7(7) that can be gauged and this is the 
algebra CSO(l, 7) alreday found by Hull |l(J in his study of non-compact N = 8 gaugings. The number 
of generators in A is seven. The scalar potential associated with this gauging has not been studied in full 
detail and it is now our plan to study its properties in full generality bu using the solvable Lie algebra 
approach. 

References 

[1] L. Andrianopoli , R. D'Auria, S. Ferrara, P. Fre, and M. Trigiante Nucl. Phys. B496 (1997) 617, 
ticp-th/9611014 



[2] L. Andrianopoli , R. D'Auria, S. Ferrara, P. Fre, and M. Trigiante Nucl. Phys. B493 (1997) 249, 
ticp-th/9612202 



[3] L. Andrianopoli , R. D'Auria, S. Ferrara, P. Fre, and M. Trigiante Nucl.Phys. B509 (1998) 463, 
ticp-th/97070~87 



[4] P. Fre, L. Girardello, I. Pesando and M. Trigiante Nucl.Phys. B493 (1997) 231, |hcp-th/960703l 
[5] D.V. Alekseevskii, Math. USSR Izvestija, Vol. 9 (1975), No.2 

[6] S. Helgason, " Differential Geometry and Symmetric Spaces", New York: Academic Press (1962) 
[7] A. Ceresole, L. Castellani, R. D'Auria, S. Ferrara, P. Fre, and M. Trigiante, in preparation. 



7 



[8] M. J. Duff, J. T. Liu, J. Rahmfeld, "Four Dimensional String/ String/ String Triality ", Nucl.Phys. 
B459 (1996) 125, jhcp-th/950809^ ; R. Kallo sh, M. Shmakov a, W. K. Wong, "Freezing of Moduli by 
N=2 Dyons", Phys.Rev. D54 (1996) 6284, |hep-th/9607077| K. Behrndt R. Kallosh, J Rahmfeld, 
M. Smachova and W. K. Wond, " STU Black-holes and string triality" , hcp-th/9608059| ; G. Lopes 
Cardoso, D. Lust and T. Mo haupt, "Modular Symmetries of N=2 Black Holes " , Phys.Lctt. B388 
(1996) 266, |hep-th/9608099|; K. Behrndt, D. Lust, W. A. Sabra, "Stationary solutions of N=2 



supergravity" , hcp-th/970516£ 



[9] F. Cordaro, P. Fre, L. Gualtieri, P. Termonia and M. Trigiante, to appear. 
[10] C. Hull, Class, and Quant. Grav. 2 (1985) 343 



8 



